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In order to investigate how the time-convolutionless mode-coupling theory (TMCT) recently proposed by
Tokuyama can improve the critical point predicted by the ideal mode-coupling theory (MCT), the TMCT equa-
tions are numerically solved based on the Percus-Yevick static structure factor for hard spheres as a preliminary
test. Then, the full numerical solutions are compared with those of MCT for different physical quantities, such
as intermediate scattering functions and diffusion coefficients. Thus, the ergodic to nonergodic transition pre-
dicted by MCT is also found at the critical volume fraction φc which is higher than that of MCT. Here φc is
given by φc ≃ 0.5817 at qcσd = 40 and 0.5856 at qcσd = 20 for TMCT, while φc ≃ 0.5159 at qcσd = 40 and
0.5214 at qcσd = 20 for MCT, where qc is a cutoff of wave vector and σd a particle diameter. The same two-step
relaxation process as that predicted by MCT is also discussed.
PACS numbers: 64.70.Pf, 61.25.Em, 61.20.Lc
In order to discuss the dynamics of supercooled liquids, the
so-called ideal mode-coupling theory (MCT) has been pro-
posed by Bengtzelius, Go¨tze, and Sjo¨lander [1], and indepen-
dently by Leutheusser [2]. The MCT equations for the in-
termediate scattering function Fα(q, t) have been numerically
solved for various glass-forming systems [3–21], where α = c
stands for collective case and α = s for self case. Although
the MCT full numerical solutions show an ergodic to non-
ergodic transition at a critical temperature Tc ( or a critical vol-
ume fraction φc), Tc (or φc) is always much higher (or lower)
than the thermodynamic glass transition temperature Tg (or
φg), which is commonly defined by a crossover point seen in
an enthalpy-temperature line [22]. In order to overcome this
high Tc problem, Tokuyama [23] has recently proposed the
time-convolutionless MCT (TMCT) equations for Fα(q, t) by
employing exactly the same formulation as that used in MCT,
except that the time-convolutionless type projection operator
method [24] is applied for the density instead of the convo-
lution type [25] for the density and the current. Then, in
the previous paper [26] it has been shown within a simplified
model proposed by MCT that there also exist non-zero long-
time solutions for T ≤ Tc where Tc is much lower than that of
MCT. In the present paper, therefore, as a preliminary test of
TMCT, we solve the TMCT equations numerically based on
the Percus-Yevick (PY) static structure factor for hard spheres
[27] under exactly the same conditions as those employed in
the previous calculations of the MCT equations [9]. Thus, we
show that φc is much higher than that of MCT.
We consider the three-dimensional equilibrium glass-
forming system, which consists of N particles with mass
m and diameter σd in the total volume V at tempera-
ture T . We define the intermediate scattering function by
Fα(q, t) = 〈ρα(q, t)ρα(q, 0)∗〉 with the collective density fluc-
tuation ρc(q, t) = N−1/2[∑Nj=1 ρs(q, t) − Nδq,0] and the self
density fluctuation ρs(q, t) = eiq·X j(t), where X j(t) denotes
the position vector of the jth particle at time t and q = |q|.
Since the density fluctuations ρα(q, t) are macroscopic phys-
ical quantities, we set q ≤ qc, where the inverse cutoff q−1c
is longer than a linear range of the intermolecular force but
shorter than a semi-macroscopic length and is in general fixed
so that the numerical solutions coincide with the simulation
results at least in a liquid state. Here Fc(q, 0) = S c(q) = S (q)
and Fs(q, 0) = S s(q) = 1, where S (q) is a static structure
factor. As shown in the previous papers Refs. [23, 26], the
TMCT equations are then given by
Fα(q, t) = S α(q) exp[−Kα(q, t)], (1)
∂2Kα(q, t)
∂t2
=
q2v2th
S α(q) − γα
∂Kα(q, t)
∂t
−
∫ t
0
∆ϕα(q, t − τ)∂Kα(q, τ)
∂τ
dτ (2)
with the nonlinear memory function ∆ϕα(q, t) given by
∆ϕα(q, t) =
v2th
2nαρ
∫
<
dk
(2pi)3 vα(q,k)
2Fc(k, t)Fα(|q − k|, t), (3)
where γα is a positive constant and
∫
<
denotes the sum over
wave vectors k whose magnitudes are smaller than a cutoff
qc. Here the initial conditions for Kα are given by Kα(q, t =
0) = dKα(q, t)/dt|t=0 = 0. The vertex amplitude vα(q,k) is
given by vα(q,k) = qˆ · kc(k) + nαqˆ · (q − k)c(|q − k|), where
c(k) = 1 − 1/S (k), nc = 1, ns = 0, ρ = N/V , vth = (kBT/m)1/2,
and qˆ = q/q. On the other hand, the MCT equation is given
by [1]
∂2Fα(q, t)
∂t2
= −
q2v2th
S α(q)Fα(q, t) − γα
∂Fα(q, t)
∂t
−
∫ t
0
∆ϕα(q, t − τ)∂Fα(q, τ)
∂τ
dτ. (4)
Here we note that Eq. (2) has a form similar to Eq. (4).
The most important prediction of MCT is the ergodic to
non-ergodic transition at a critical temperature Tc, below
which the solution Fα(q, t) reduces to a non-zero value fα(q)
2for long times, which is the so-called nonergodicity parame-
ter. In fact, from Eq. (4), one can find [1]
fα(q) = lim
t→∞
Fα(q, t)
S α(q) =
Fα(q)
1 + Fα(q) (5)
with the long-time limit of the memory function
Fα(q, fc, fα) = 12nα (2pi)3
∫
<
dkV (2)α (q, k, |q−k|) fc(k) fα(|q−k|),
(6)
where the vertex V (2)α is given by
V (2)α (q, k, |q−k|) = S α(q)S c(k)S α(|q−k|)vα(q,k)2/(ρq2). (7)
As shown in the previous papers [23, 26], this prediction also
holds for TMCT. In fact, from Eqs. (1) and (2) the non-zero
solution is given by
fα(q) = exp
[
−
1
Fα(q)
]
. (8)
In order to estimate how the critical point obtained by Eq. (8)
is different from that by Eq. (5), it is convenient to employ
the simplified model discussed by Bengtzelius et al [1]. Then,
one can write S (q) as S (q) = 1 + Aδ(q − qm), where A is a
positive constant to be determined and qm a wave vector of
the first peak of S (q). Then, one can write Eq. (6) as Fc(qm) =
λ′ fc(qm)2, where the coupling parameter λ′ is given by λ′ =
qmA2S (qm)/(8pi2ρ). Use of Eqs. (5) and (6) then leads to the
critical coupling parameter λ′c = 4 and f cc = 1/2, while use
of Eqs. (6) and (8) leads to λ′c = 2e(≃ 5.43656), Kcc = 1/2,
and f cc = e−Kcc = e−1/2(≃ 0.60653). Thus, the critical coupling
parameter of TMCT is larger than that of MCT (see the insert
in Fig. 1). Hence this suggests that the critical temperature Tc
(or the critical volume fraction φc) of TMCT is much lower
(or higher) than that of MCT. Therefore, we next check this
by solving the TMCT equations numerically based on the PY
static structure factor.
We now solve the TMCT equations numerically by using
the PY static structure factor under the same conditions as
those employed by Chong et al [9] to solve the MCT equa-
tions at qcσd = 40 and γα = 0. Here the MCT equations
are also solved and the solutions are compared with the pre-
vious results obtained from Ref. [9, 14] to check whether the
present calculations are correct or not. The control parame-
ter is the volume fraction given by φ = piσ3dN/(6V). We put
γα = 0 but take two different cutoffs as qcσd = 20 and 40 here.
Then, we first find the critical volume fraction φc and the so-
called Debye-Waller factor f cc (q) for TMCT by solving Eqs.
(6) and (8) and also for MCT by solving Eqs. (5) and (6). In
Fig. 1, the critical Debye-Waller factor f cc (q) is plotted versus
qσd for different cutoffs qc, where the values of φc are listed
in Table I. Thus, it is shown that since φc of TMCT is much
higher than that of MCT, f cc of TMCT is larger than that of
MCT. It is also shown that in both theories f cc (q) at qcσd = 40
is larger than that at qcσd = 20. However, we should men-
tion here that at higher volume fractions, the nonergodicity
parameter of MCT is always larger than that of TMCT. In
fact, for comparison the nonergodicity parameter of MCT for
FIG. 1: (Color online) A plot of the Debye-Waller factor fc(q) ver-
sus q. The solid lines indicate the numerical results for f cc (q) at
qcσd = 20 and the dotted lines at qcσd = 40 and the symbols (•)
the numerical results at qcσd = 40 from Ref. [14]. The dot-dashed
line indicates the nonergodicity parameter fc(q) of MCT for φ = 0.55
at qcσd = 40 from Ref. [1]. The insert shows fc(qm) versus λ′ for a
simplified model and the symbols indicate the values at λ′c.
TABLE I: φc for MCT and TMCT at different wave vector cutoff qc.
Theory φc
qcσd =20 40
MCT 0.5214 0.5159
TMCT 0.5856 0.5817
φ = 0.55 is also plotted at qcσd = 40 (see also the insert in
Fig. 1). In order to check the present MCT numerical solu-
tions, the MCT numerical solutions obtained for the PY static
structure factor at qcσd = 40 by Voigtmann et al [14] are also
shown. The present results agree with them within error. In
Fig. 2, the scaled collective-intermediate scattering function
fc(q, t)(= Fc(q, t)/S (q)) is plotted versus scaled time vtht/σd
at qcσd = 40 for different volume fractions, where qσd = 7.4.
For comparison, the numerical results for qcσd = 20 are also
plotted at φ = 0.5 by the dashed line for TMCT and the dot-
dashed line for MCT.
We next discuss the asymptotic behavior of fc(q, t) in each
time stage. As demonstrated in Refs. [28, 29], MCT shows
that fc(q, t) obeys a characteristic two-step relaxation process
at the so-called β-relaxation stage [β] near the critical point.
By introducing the Laplace transform fc[q, z] of fc(q, t) by
fc[q, z] = L[ fc(q, t)][z] :=
∫ ∞
0 e
−zt fc(q, t)dt, the long-time dy-
3FIG. 2: (Color online) A plot of fc(q, t) versus scaled time t/t0 for
different volume fractions at qcσd = 40, where qσd = 7.4. The solid
lines indicate the TMCT results and the dotted lines the MCT results
for φ =0.40, 0.50, 0.55, and 0.58 from left to right. The dashed line
indicates the TMCT results for qcσd = 20 at φ = 0.5 and the dot-
dashed line for the MCT ones.
namics is then determined from Eq. (4) as
z fc[q, z]
1 − z fc[q, z] = zL[Fc(q, fc(t), fc(t))][z]. (9)
Following MCT [29], one can split fc(q, t) into the trivial
asymptotic part and the a non-trivial part G;
fc(q, t) = f cc (q) + hqG(t), z fc[q, z] = f cc (q) + zhqG[z] (10)
with hq = (1 − f cc (q))2ecq, where ecq is an appropriately
normalized right eigenvector of the stability matrix Cqk =
(∂Fc/∂ fc(k))(1 − f cc (k))2 at φc. From Eqs. (9) and (10), one
can then find near φc
σ + λ{zL[G(t)2][z]} − {zG[z]}2 = 0, (11)
where σ is a separation parameter and σ = 0 at φ = φc.
Here λ is the so-called exponent parameter given by λ =
(1/2)∑q,k,p eˆcqV (2)c (q, k, p)hkhp, where eˆcq is a left eigenvector
defined by ∑q eˆcqecq = 1. Thus, use of Eq. (11) leads to two
different power-law decays for G(t) near φc; the so-called crit-
ical decay at a fast β stage
G(t) = |σ|1/2(tσ/t)a, t0 ≪ t ≤ tσ, (12)
and the so-called von Schweidler decay at a slow β stage
G(t) = −(t/t′σ)b, tσ ≤ t ≪ t′σ, (13)
FIG. 3: (Color online) A plot of fc(q, t) versus scaled time t/t0 for
φ = 0.58 (or 1− φ/φc = 2.92× 10−3) at qcσd = 40, where qσd = 7.4.
The solid line indicates the TMCT results and the dot-dashed line
the critical decay, the dashed line the von Schweidler decay, and the
dotted line the KWW decay, where λ = 0.735 (a = 0.312, b =
0.583), β = 0.70, and f cc = 0.973.
where t0, tσ, and t′σ are characteristic times. Here the time
exponents a and b are determined by Γ[1 − a]2/Γ[1 − 2a] =
Γ[1 + b]2/Γ[1 + 2b] = λ. For the details of parameters the
reader is referred to Ref. [29]. For the PY model, λ is calcu-
lated as λ = 0.735 at qcσd = 40, leading to a = 0.312 and
b = 0.583 [6]. On the other hand, in TMCT use of Eqs. (1)
and (2) leads to
1
zKc[q, z]
= zL[Fc(q, fc(t), fc(t))][z]. (14)
From Eqs. (1) and (10), one can find, up to lowest order in hq,
Kc(q, t) = Kcc (q)−hqG(t)/ f cc , zKc[q, z] = Kcc (q)−zhqG[z]/ f cc ,
(15)
where Kcc = − ln( f cc ). One can then directly apply the same
formulation as that employed by MCT to Eq. (14) near φc. In
fact, from Eqs. (14) and (15) one can obtain Eq. (11) under
the condition f cc = e−Kcc ≃ 1 − Kcc . Hence G(t) also obeys
Eqs. (12) and (13). Use of Eqs. (1) and (15) thus leads to
the same two-step relaxations for fc(q, t) as those of MCT,
up to lowest order. Since λ is determined at φc, λ of TMCT
must have the same value as that of MCT. This can be easily
checked within a simplified model. Since λ of MCT is known
for the PY model, one can also use it for TMCT to check
this. In fact, in Fig. 3 the TMCT results are shown to be
well described by the same value of λ as that of MCT near φc.
Finally, at the so-called α-relaxation stage after the β stage,
fc(q, t) is also shown to obey the Kohlrausch-Williams-Watts
4FIG. 4: (Color online) A log plot of Ds versus φ. The filled symbols
indicate the numerical results obtained by TMCT and MCT at qcσd =
20 and the open symbols at qcσd = 40. The symbols (◦) indicate the
TMCT results and () the MCT results. The symbols (▽) indicate
the MCT results obtained by Chong et al from Ref. [9] and (△) those
obtained by Voigtmann et al from Ref. [14]. The solid lines are
guides to eyes for qcσd = 40.
(KWW) function, i.e., fc(q, t) = f cc (q) exp[−(t/τα)β] with a
stretched exponent β and an α-relaxation time τα. Thus, the
numerical solutions of TMCT are shown to be well described
by the same asymptotic laws as those obtained by MCT.
In order to compare the dynamics of a tagged particle in
TMCT with that in MCT, we finally discuss the long-time self-
diffusion coefficient Ds, which is given in both theories by
Ds =
1
q2
dKs(q = 0, t)
dt |t=∞ =
v2th
γs +
∫ ∞
0 ∆ϕs(q = 0, τ)dτ
. (16)
In Fig. 4, Ds is plotted versus φ at γs = 0 for different cutoffs.
Thus, Ds of TMCT is shown to be always larger than that of
MCT. In both theories, Ds for qcσd = 20 is also shown to be
larger than that for qcσd = 40. This is simply because the
magnitude of the nonlinear memory function ∆ϕs(q = 0, t) in
Eq. (16) decreases as qc decreases. This is consistent with
the fact that φc for qcσd = 20 is always higher than that for
qcσd = 40. The numerical calculations of the MCT equations
based on the PY static structure factor have been already done
at qcσd = 40 by the other authors [9, 14]. For comparison,
therefore, their results are also shown in Fig. 4. All the MCT
results for qcσd = 40 coincide with each other within error.
Here we note that in both theories Ds/σdvth becomes larger
than one for lower volume fractions because of γs = 0. This
is also seen in the MCT results obtained by Fuchs [5], where
the Verlet-Weis approximation for S (q) has been used.
In this paper, we have solved not only the TMCT equa-
tions but also the MCT equations numerically by using the PY
static structure factor under the same conditions as employed
in the previous works and compared the TMCT results with
the MCT results. We have first checked whether φc of MCT at
qcσd = 40 coincides with the common value 0.516 obtained
in the previous MCT calculations or not (see Table I). Then,
we have shown that in both theories all the numerical results
depend on the cutoff qc. In fact, for smaller qc φc is higher
and fc is smaller in both theories. Thus, we have shown that
φc of TMCT is much higher than that of MCT, irrespectively
of the magnitude of qc. We have also shown that there exists
the same two-step relaxation process in a β stage as that dis-
cussed in MCT near φc. In order to check whether TMCT can
describe the dynamics of supercooled liquids reasonably well
or not, the TMCT equations must be solved numerically by
using the static structure factor obtained from the simulations
and the experiments. This will be discussed elsewhere.
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